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Abstract. This paper studies the limiting behavior of a closed queueing network with multiple single-server and infinite-
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vector, providing an approximation for the original system.
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1. Introduction

This paper studies the limiting behavior of a closed
queueing network consisting of multiple single-server and
infinite-server stations under a heavy traffic asymptotic
regime. Jobs circulate perpetually through the system ac-
cording to a two-level probabilistic routing structure: from
single-server stations to infinite-server stations, and from
infinite-server stations back to the single-server stations.

The asymptotic regime is one in which both the number
of jobs in the system and the service rates at the single-server
stations grow large, while the service rates at the infinite-
server stations remain fixed. In this regime, we further
assume that the system is in heavy traffic, meaning that
each single-server station is critically loaded: the nominal
arrival rate to each station matches its service capacity. This
reflects a setting in which congestion arises at the single-
server stations, while the infinite-server stations act as delay
buffers.

Our main result is a functional limit theorem for the
diffusion-scaled queue length and idleness process vector,
where the limit process solves a Skorokhod problem. To
establish this, we prove existence, uniqueness, and continu-
ity of the associated nonlinear regulator mapping—results
which are of interest in their own right. Unlike several earlier
works on the weak convergence of closed networks with
infinite-server stations, which have employed martingale
techniques, we use a continuous mapping argument.

The model was motivated in part by ride-hailing systems
such as Uber and Lyft. In this context, the single-server
stations represent regions of a city where drivers await ride
requests, while the infinite-server stations capture travel
times between regions. The service rates at the single-server
stations represent customer arrival rates in each region,
while the service rates at the infinite-server stations represent
the travel time completion rates. After picking up a passenger
(i.e., after a service completion at a single-server station), a
driver enters a travel phase to reach the destination, and upon
completion (i.e., after a service completion at an infinite-
server station), becomes available again in a potentially
new region. After picking up a passenger, a driver enters a

travel phase to reach the destination, and upon completion,
becomes available again in a potentially new region. The
two-level routing structure in our model naturally reflects
such origin-destination dynamics, and the presence of multi-
ple infinite-server stations allows for heterogeneity in travel
times across different region pairs. While ride-hailing serves
as a useful motivation, the model and results apply more
broadly to systems in which tasks are queued for assignment
or dispatch at specific locations, and then processed or
delayed in parallel elsewhere. By establishing a rigorous
diffusion approximation for such systems, this paper lays the
theoretical groundwork for future research on their dynamic
control and optimization.

Ride-hailing systems are often modeled as open, with
drivers entering and leaving the platform and hence a time-
varying fleet size; for example, Ozkan and Ward [22] models
aride-hailing system as an open two-sided matching system.
Our model is closed and is most appropriate over time
horizons in which the fleet size is approximately constant;
over longer horizons, the diffusion approximation can be
applied in a piecewise fashion by updating the fleet size
between intervals. Demand can also be non-stationary, par-
ticularly in the presence of dynamic pricing. Although this
paper focuses on time-homogeneous primitives, such non-
stationarity can be captured through time-varying service
rates at the single-server stations, and we expect the conver-
gence results to extend to such a time-inhomogeneous set-
ting, although the mathematical details are beyond the scope
of this paper. In particular, second-order adjustments to the
effective demand rates would appear as drift terms in the
limit and naturally give rise to drift-rate control problems;
see, e.g., Alwan et al. [1]. Extending the convergence results
to open networks with external arrivals and departures, while
allowing jobs to recirculate through the network, together
with infinite-server travel-time nodes, is left for future work.

1.1. Literature Review

This paper contributes to the literature on heavy traf-
fic diffusion approximations for queueing networks, with a
particular focus on closed systems involving infinite-server
stations. Classical work by Iglehart [17], Borovkov [8], and




Whitt and Glynn [26] establishes diffusion limits for open
queueing networks with infinite-server queues. Other papers
have studied the structure and properties of these limiting
processes. For example, Glynn [13] establishes necessary
and sufficient conditions under which the heavy-traffic limit
of the GI /G /> queue is Markovian. Foundational work
on heavy-traffic approximations for stochastic flow networks
with bottlenecks includes Chen and Mandelbaum [10, 11],
which develop both fluid and diffusion limits. Various sur-
veys, such as Glynn [14] and Pang et al. [23] discuss a
variety of techniques for deriving diffusion approximations
in queueing systems; see the references therein for a broader
overview.

In the context of closed queueing networks with infinite-
server stations, several papers establish diffusion limits un-
der heavy traffic conditions. Notably, Kogan et al. [20],
Krichagina [21], and Kogan and Lipster [19] analyze mod-
els with many single-server stations and a single infinite-
server station. These papers have a single probability routing
vector and use martingale methods to prove convergence.
Our paper supplements this line of research by allowing an
arbitrary number of infinite-server stations and a two-level
probabilistic routing structure. (This enables more realistic
modeling of origin-destination dynamics and heterogeneous
travel times, which are important to service systems such
as ride-hailing.) Our analysis also differs methodologically:
we use a continuous mapping approach and establish exis-
tence, uniqueness, and continuity of a nonlinear regulator
mapping—results that are not readily implied by existing
work. To the best of our knowledge, this is the first paper to
rigorously establish a diffusion limit for a closed queueing
network with both multiple infinite-server stations and a
two-level routing structure.

We note that the network studied here is a closed queue-
ing network with Markovian routing and service times (i.e.,
a Gordon—Newell network) with a fixed number of jobs #,
and therefore admits a product-form stationary distribution.
Using this stationary distribution, however, requires com-
puting the normalizing constant, i.e., the partition function
G(n), which is a sum over all ways of allocating the n
jobs across stations; the number of such allocations grows
combinatorially with the number of jobs and stations. This
quickly becomes computationally difficult to evaluate in
large networks. While this challenge has motivated work
on asymptotic and algorithmic methods for approximating
G(n) in large closed networks, exact computation can still be
burdensome when both the number of jobs and the number
of stations are large; see, e.g., Birman and Kogan [7] and
Kogan [18]. In contrast, the diffusion limit developed here
provides a tractable process-level approximation for \/_ -
scale fluctuations, capturing transient behavior and serving
as a natural basis for diffusion-scale control and optimization
in heavy traffic.

A closely related and important antecedent of our model
is the one developed in Alwan et al. [1], which consid-
ers a ride-hailing system modeled as a closed queueing
network with multiple single-server regions and a single

infinite-server travel node. The objective is to maximize sys-
tem profit by making dynamic pricing and dispatch control
decisions. That paper formulates an approximating Brow-
nian control problem (BCP) using formal limiting argu-
ments in the spirit of Harrison [15, 16]. Under a com-
plete resource pooling assumption, the BCP is reduced to a
one-dimensional equivalent workload formulation, which is
then solved analytically. However, the assumption of a sin-
gle infinite-server node effectively enforces homogeneous
travel times and origin-independent destination routing. This
modeling simplification was necessary to permit a one-
dimensional state space collapse, but such a reduction is not
possible when the model includes multiple infinite-server
nodes.

In contrast, our model accommodates multiple infinite-
server stations and a two-level routing structure that allows
for heterogeneous travel times and captures general origin-
destination routing distributions. (Notably, Braverman et al.
[9] considers a related model with empty-car routing con-
trol but studies it under fluid scaling, which avoids the
complexities associated with diffusion-scaled fluctuations.)
Our setting leads to a multidimensional diffusion limit. By
rigorously proving a weak convergence result in this setting,
our work provides the theoretical foundation for studying
more complex control policies and generalizes the modeling
framework introduced in Alwan et al. [1].

As mentioned earlier, the presence of multiple infinite-
server stations does not permit a one-dimensional state space
collapse, implying that the limiting diffusion control prob-
lem remains high-dimensional. However, recent advance-
ments in computing power have renewed interest in study-
ing high-dimensional diffusion control problems using ap-
proximate dynamic programming and neural network-based
methods. One expects the dynamic control problem asso-
ciated with the system here to involve drift and singular
control of (reflecting) Brownian motion in the heavy-traffic
limit. Such problems have been successfully addressed in
dimensions up to 100 or more in recent work by Ata et al.
[2, 4], and Ata and Xu [5]. While those papers consider
different applications, we expect their computational meth-
ods to be applicable to ride-hailing applications as well.
Although the study of dynamic control of ride-hailing sys-
tems in high dimensions is left for future work, our paper
lays the mathematical groundwork for future research in
stochastic control of such systems, including those where
dimensionality precludes analytical tractability.

Beyond ride-hailing, our results are also relevant to other
applications modeled using queueing networks with infinite-
server stations. For example, Ata et al. [3] studies nonprofit
volunteer management using a queueing network with a
single-server station and multiple infinite-server stations.
They formulate an approximating Brownian control problem
but lack rigorous justifications for their approximations.
Our results help close this gap by providing provable limit
theorems in a similar setting.

The rest of the paper is organized as follows. Section 2
introduces the model primitives and makes a sample-path




construction of the queue-length processes describing the
network. Section 3 articulates the heavy traffic assumption
and the asymptotic regime, and states the main result of
the paper (Theorem 1). Section 4 develops the key tools
needed to prove the main result. Section 5 is devoted to
a proof of the main result, which involves proving weak
convergence of the fluid-scaled processes. Relevant notation
and technical preliminaries are given shortly. Additional
proofs are provided in Appendices A, B, C, and D.

Notation and Technical Preliminaries. The set of pos-
itive integers is denoted by N := {1,2,3,...}, and we
define [k] := {1,2,...,k} for k € N. For a,b € R, we
let a Vb := max{a,b} and a A b := min{a, b}, and let
la] denote the largest integer less than or equal to a. For
I € [k], the /th unit basis vector in R¥ is denoted by e;,
which has one in the /th component and zeros elsewhere.
Moreover, for I € [k], the Ith projection map z; : R¥ - R
is given by 7;(x) = x;, where x; is the /th component of
x € R*. For k € N, the positive orthant in R is denoted
by IR’fL = {x € Ry : x;, > Oforall/ € [k]}. For a
function f : X — Y and a subset S C X, we denote by
fls the restriction of f to .S. The indicator function of a
subset S C X is denoted by 1.

For k € N, we denote by D¥ = D ([0, o0), R¥) the set
of all functions x : [0, ) — RF that are right continuous
on [0, o) and have left limits on (0, c0). We denote by C* =
C ([0, 00), R¥) the set of all functions x : [0, c0) — R¥ that
are continuous. The identically zero function is denoted by
0. Similarly, for k € N and T > 0, we denote by D’; =
D ([0,T],R¥) the set of all functions x : [0,7] — R that
are right continuous on [0, T') and have left limits on (0, T'].
When the space D; is endowed with the norm

lxll7 . 2= ?el?ﬁ,es[‘é%]lx’(’)l’
it is a Banach space. When k = 1, we write D' = D,
DIT = Dyp,and || - [[7; = | - [l7- The one-sided reflection
map on D is the pair of functions (y, ¢) : D — D? defined
as follows:

w()(@®) = sup [-x()]*, >0, 1)
s€[0,1]
P(x)(@) = x(t) + w(x)(@®), t=0. )

The space D* is a topological space when endowed with
the Skorokhod J; topology. All random variables in this
paper are defined on a common probability space (2, F, P).
We denote by MK the Borel o-algebra on D* induced
by the Skorokhod J; topology. All stochastic processes
in this paper are measurable functions from (Q, 7, P) to
(D¥, M¥) for some appropriate dimension k. For a sequence
of stochastic processes {&"” };’;1 and a stochastic process ¢, all
with sample paths in D* almost surely, we write £" = & as
n — oo to mean that the sequence of probability measures
on (D¥, MF) induced by the processes " converge weakly
to the probability measure on (D¥, M¥) induced by the
stochastic process &; see Billingsley [6] and Whitt [25] for
further details.

2. Queueing Network Model

This section describes the closed queueing network
model. In Section 2.1, we introduce the system primitives.
Then, in Section 2.2, we describe the system performance
measures and their dynamics.

2.1. Model Primitives

We consider a closed queueing network consisting of
a fixed number of jobs circulating among J single-server
stations and K infinite-server stations. Each single-server
station j € [J] has a buffer where jobs of that class are
stored and a single server with service rate of y; > 0. Each
infinite-server station k € [K] has an unlimited number of
parallel servers, each with a service rate of 7, > 0. For future
analysis, it is useful to define 7 1= max; [ -

Jobs move through the system according to a two-level
probabilistic routing structure: from single-server stations
to infinite-server stations, and from infinite-server stations
back to single-server stations. When a job completes service
at single-server station j € [J], it is routed to infinite-
server station k € [K] with probability Pjk € [0, 1].
Similarly, when a job completes service at infinite-server
station k € [K], it is routed to single-server station j € [J]
with probability g, ; € [0, 1]. To formalize this, we define
stochastic matrices

P =(py) € R 0 =(q)erR @3

representing routing from single-server stations to infinite-
server stations and from infinite-server stations to single-
server stations, respectively.

The stochastic evolution of the system is driven by the
following primitives. For j € [J], let N; = {N;()
t > 0} be a unit-rate Poisson process governing service
completions at single-server station j. For k € [K], let
M, = {M;(t) : t > 0} be a unit-rate Poisson process
governing service completions at infinite-server station k.
To model the probabilistic routing of jobs in the network, let
;= {¢,(1) = 12 1} for j € [J1and y, = {yy(1) : 1 2 1)
for k € [K] denote sequences of i.i.d. random (routing)
vectors. Their probability distributions are given by

P(¢j(1) =¢) = Pjks

where e; and e; are the kth and jth standard unit basis vector

Py (1) = ej) = dy;j»

in RX and R”, respectively. We assume that all stochastic
primitives are mutually independent.

To track the cumulative routing of jobs, for j € [J]
and k € [K], we define the cumulative routing processes
@ ={®;(m) : m=1}and ¥y; = {¥y;(m) : m > 1} as
follows:

D) (m) = Y D), Wy(m) = wy (D), (4)
=1 =1

where ¢jk(l) and y;, j(l) are the kth and jth components
of ¢;(I) and y (1), respectively. That is, @, (m) represents
the total number of jobs that are routed from single-server
station j to infinite-server station k among the first m jobs
served by server j. The interpretation of ¥y ;(m) is similar.




2.2. State Dynamics

For j € [J] we denote by O j (t) the number of jobs in
the buffer of the jth single-server station at time 7. Similarly,
for k € [K] we denote by V| (¢) the number of jobs in the
kth infinite-server station at time ¢. To describe the state
dynamics of 0; and V;, let Qj(O) for j € [J] and V;(0)
for k € [K] be almost surely nonnegative random variables
representing the initial distribution of the number of jobs
in the network. We assume that these random variables are
independent of all other stochastic primitives. Then, for j €
[J] and k € [K], we have that

Q1) = Q;(0) + A;( — D;(n), 120, ®
Vi@ = Vi, (0) + E (t) — F,(t1), t>0, ©6)

where A; = {A;(t) : t 2 0} and D; = {D;(r) : ¢t > 0}
denote the arrival and departure processes for single-server
station j. Similarly, E, = {E.(t) : t > 0} and F, =
{F, () : t > 0} denote the arrival and departure processes
for infinite-server station k. To be more specific, the arrival
and departure processes are defined as follows:

K

YYOREDI VAR t>0, (7
k;]

E () 1= ) @, (D,®), t>0, ®)
j=1

Dj(t) = Nj(ﬂjTj(t», t>0, &)

t
F () = Mk<nk/ Vk(s)ds), >0, (10)
0

where D and ‘ij are given by (4), and T, = {Tj(t) >
0} is a process that represents the scheduling policy for the
server at the jth single-server station. To be more specific,
T;(7) is the cumulative amount of time the server is working
up to time ¢ at single-server station j. The corresponding
idleness process I; = {Ij(t) :t >0} for j € [J] of the
server at single-server station j is defined as follows:

I,@) =1t -T;t), t=0. (11)

By (5)—(10), it is straightforward to verify that

J K J K
Y 0,0+ Y Vi) =Y 0,0 + Y V() (12)
j=1 k=1 j=1 k=1

almost surely for all # > 0. Throughout our analysis, we
restrict to scheduling policies T  that satisfy the following
conditions almost surely for all j € [J]:

0;() € [0,00) forall >0, (13)

[0e]
I; is continuous and nondecreasing with 7;(0) =0, (15)

L)~ I(s) < t—s forall 0< s <1< co. (16)

Equation (13) reflects the obvious physical restriction that
the servers can only work on jobs when the queues are
not empty. Equation (14) implies that the server idleness at
each single-server station does not increase as long as the
queue is not empty. In other words, we restrict attention to
(otherwise arbitrary) work-conserving scheduling policies.
Finally, (15)-(16) are natural consequences of the interpre-
tation of /; as server idleness and are standard in the heavy
traffic literature.

To lighten the notation, we henceforth work pathwise
on a full-measure set on which the initial conditions, the
scheduling-policy constraints, and the primitives’ usual path
properties hold for all ¢+ > 0; we therefore omit the “almost
surely” terminology throughout.

3. Heavy Traffic Assumption and Main Result

As is standard in heavy traffic asymptotic analysis, we
consider a sequence of queueing networks—as described in
Section 2—indexed by the system parameter n. We study this
sequence of systems in the heavy traffic asymptotic regime
as n — oo. Throughout, we attach a superscript of » to the
various quantities of interest to indicate that they correspond
to the nth system.

We consider a regime in which both the number of jobs
and the service rates at the single-server stations grow large
with the system parameter »n, and where the system satisfies
a critical loading condition. However, we assume that the
service rates at the infinite-server stations do not vary with
the system parameter n. This regime is formalized by the
following heavy traffic assumption. To state it, define

J

me =" Y e k€K (17
j=1

Assumption 1 (Heavy Traffic Assumption). The service
rates at the single-server stations and infinite-server sta-
tions, respectively, vary with n as follows: u;’ = ny; for
Jj € [J]and n,’z = ny for k € [K]. Moreover, the following
critical loading conditions hold:

K J

Z ,“ipiquj = /,{j f()rall j (S [J], (18)
k=1 i=1

K

S = 1. (19)

~
1l
—

Roughly speaking, condition (18) assumes that every
single-server is fully utilized, whereas (19) roughly says that
almost all jobs are in the infinite-server stations; see Alwan
etal. [1] and Ata et al. [3] for similar assumptions in ride-
hailing and volunteer engagement applications, respectively.
For simplicity, Assumption | focuses on the zero-drift case.
However, this assumption can be refined to give a nonzero
drift term in the heavy-traffic limit. In particular, suppose
that the service rates at the single-server stations in the




sequence satisfy

K J
-1
ﬁ[ZEﬂipiquj_n M;’]—’CjER as n— oo,

for all j € [J]. Under this condition, our main result, i.e.,
Theorem 1, remains valid, except that the limiting diffusion
for the single-server queue-length process acquires an addi-
tional drift term ¢;1.

To shed light on (18), note that 21J=1 ny;p;, represents
the total rate of jobs leaving the single-server stations to
infinite-server station k. Thus, Zle i Zijzl nu;p;j TEpTrE-
sents the total rate of jobs entering single-server station j
from the infinite-server stations. Because ny; is the service
rate of the server in single-server station j, (18) states that the
rate of jobs entering the single-server stations are balanced
out by the service rates at the stations.

To shed light on (19), note that n ZLI ;P represents
the arrival rate to the kth infinite-server station, whereas
its service rate is #,. Based on intuition from the classical
M /M /oo queue, we expect the steady-state average queue
length at the kth infinite-server to be n Z,‘le WP/ My 1t
follows that the expected fraction of jobs at the kth infinite-
server is m,. Therefore, (19) states that almost all jobs are
at the infinite-server stations. This is consistent with the
first condition: It is well known that in large balanced-flow
systems in heavy traffic, the queue-length processes are of
second-order relative to the system size. Thus, the total
number of jobs in the single-server stations are of order \/ﬁ,
which implies that the total number of jobs at the infinite-
server stations are of order n, since the network is closed.

To facilitate the analysis to follow, we next define the
following diffusion- and fluid-scaled processes:

Diffusion-Scaled Processes: For j € [J] and k € [K], we
define the following diffusion-scaled processes:

0 := n"'20j(), 120, (20)
Vi) = n 2V - nmy), >0, (2D
THORE \/ZI;'(t), >0, (22)
() = \/ET?’(z) >0, (23)

ﬁ);?k(t) = n 2 (@ (nt]) — pynt), 120,  (24)
\i';j(t) = n 2 (W () = qgnt), 120, (25)

n~2(N(nt) = nt), t>0, (26
n~V2(My(nt) — nt), t>0. (27)

N;’(t) ‘=
M) :=

Fluid-Scaled Processes: For j € [J] and k € [K], we
define the following fluid-scaled processes:

01 == n"'QI, 120, (28)
Vi) = PPN 120, (29)
Vi) = nT WV, 120, (30)
NI@ := n"'Nj(nn), 120 (1)

MJ(t) == n"'M(nt), t>0. (32)

By (5)—(6), (20)-(32), and Assumption 1, it is straightfor-

ward verify that for j € [J], k € [K], and all + > O the
following equalities hold:

K
Qm=%m+zﬂw/VWMwuw%>6$
k=1

J
Wm=@m—‘/www Xy I, (34)
j=1
where
K r
é;?(t) = Q;?(O) + ZT’;j<M,j(nk/ Vk"(s)ds))
t:
- Nn ,Man(I) +qu/ (nk/o an(s)ds),
(35)
wm=W©+2vlmwﬂm)
=
J
_ M;;(;f,k / % (s)ds) + Z Py R TH),
Jj=
(36)

Also, by (28)—(29) and (33)—(34), it is straightforward to
verify that for all r > 0 the following equalities hold:

K t
Qm=%m+2%mAWmM+mwm(m

J
Vi) = 8 - n /Wmm meﬂm<m

Jj=

where
g =n"'PE@ ad G0 =R, (39)

We make the following regularity assumption on the
initial conditions:

Assumption 2 (Joint Convergence of the Initial Conditions).
As n — o0, (Q"(0), V"(0)) = (Q(0), V(0)).

To facilitate the statement of our main result, let (¢*, (™)
be a (J + K)-dimensional Brownian motion with initial
state (Q(0), V' (0)) and covariance matrix ¥ € R +KX(J+K)
where X is given as follows: For i,j € [J] and k,! € [K]
such that i # j and k # [, we have

K
i = Zij(l — QMM
k=1 K
+Hy Y ey (40)
k=1




J
ik gk = Pix(l = pju;
Jj=1 7
+ memy + Pfkﬂj, 41)
j=1
K
Y = Z%‘ij’?kmk» 42)
k=1
Xtk = —DPjkHj — dijMcMy (43)
J
Zigek = Zl’jlpjkﬂj- (44)
j=1

Theorem 1. As n — oo, (0", [", V") = (Q*, I*,V*),
where (Q*, I'*,V*) is a 2J + K)-dimensional process with
continuous sample paths in RiJ x RX that satisfies the
following equalities for all j € [J], k € [K], and t > 0:

K t
010 = £ + Y, ayme /0 Ve ds + uIt0. (@5)
k=1

t J
Vi) = ) — /0 Vi) ds = Y pen 5@, (46)
j=1
K .
I = Mj_ll//(ijf + quj"/k/o Vi ds)(’)’ (47)
k=1

4. Auxiliary Results
This section establishes the existence of (suitably de-
fined) continuous functions that will aid in the proof of

Theorem 1 via a continuous mapping argument. To that end,
let ¢ € D’ and ¢ € DX be functions such that

J K
(0 + Z &) =0, foralls>0, (49)
j=1 k=1

£,(0) > 0, for all j € [J]. (50)

Given such functions & and ¢, consider the following system
of equations for j € [J], k € [K],and ¢ > O:

K t
x,(0) = &) + qu,nk/o ye(s)ds + uu(0) 2 0, (1)
k=1

t J
i) = &) - nk/ yi(s)yds — ) pjpju;(t), (52)
J K 0 i=l
D0+ Yy =0, (53)
j=1 k=1
u; is nondecreasing with u;(0) = 0, 54

The following result establishes the existence and unique-
ness of a triple (x, u, y) satisfying the above equations.

Proposition 1. For every (£,8) € D’+X satisfying (49)—
(50), there exists a unique (x,u, y) € D*'*K satisfying (51)—
(55).

Proof. See Appendix B. O
The next result is immediate from Proposition 1.

Corollary 1. There exists a function f : D'+K — p2/+K
such that whenever (£,() € D’*K satisfies (49)—(50),
f(& ) € DY*K satisfies (51)—(55).

The following result is useful in the proof of Proposi-
tion 1. To state it, given functions ¢ € D’ and { € DX,
consider the following equation for k € [K] and ¢ > O:

t

V@) = § () — WkAYk(S)dS

J K .
=Y v (& + X aum /0 y(s)ds )(©). (56)
j=1 I=1

Lemma 1. For each (£,() € D’'*K, there exists a unique
y € DX satisfying (56).

Proof. See Appendix A. U

Below we provide a description of the function f from
Corollary 1. Let f; : D/*K — DX be the mapping that
sends (£,¢) € D/*K to the unique y € DX satisfying (56);
see Lemma 1. Then, following the proof of Proposition 1, let
fi : D'*X = D’ and f, : D/*K — D’ be the mappings
defined as follows:

f1€,0)
K .
= <¢(”j°§+ Z}qu”l/o (mofs3&, C))(S)ds)>j€m’
(57)
f2(6.9)

K .
= <Mj_lllf(”j°§ * ,Z{ q’f”’/() (710 f3(,0)(5) ds) >jem'
(58)

Let f := (f},f2, f3). Then, whenever (£,{) € D/+K
satisfies (49)—(50), f(£,¢) € D*/*K satisfies (51)—(55). The
next result establishes continuity of f.

DJ+K — D2J+K

Proposition 2. The function f is
continuous when both the domain and range are endowed
with the Skorokhod J topology.

Proof. See Appendix C. O
Proposition 3. The function f maps C?*K into C2/+K,

Proof. Following the same argument as in the proof of
Lemma [, but now with (£,¢) € C’/*X we can construct
a sequence {y" : n = 0,1,...} in CX (via the method
of successive approximations) whose limit y € CK is




the unique solution to (56). It follows that f3(CJ +Ky ¢
CX. 1t then follows from (57) and (58), together with the
fact that the operations involved preserve continuity, that
f1(CI*Ky ¢ 7 and f,(CTK) C 7, respectively.
Therefore, f(C?+K) C C2/+K  as desired. O

5. Main Convergence Results

This section contains the main convergence results of
this paper, culminating with a proof of Theorem 1. In Sec-
tion 5.1, we prove convergence of the fluid scaled pro-
cesses. (These results are necessary because several of the
fluid scaled processes serve as random time changes in
the diffusion-scaled equations.) In Section 5.2, we prove
convergence of the process (&n,&). This, combined with
a continuous mapping argument, allows us to complete the
proof of Theorem 1.

5.1. Convergence of Fluid Scaled Processes
We begin by establishing weak convergence of the fluid-
scaled processes.

Lemma 2. Asn — oo, (E",") = 0 € D'+XK,

Proof. To prove that (£",") = 0 as n — oo, it suffices to
showthatfj’f = 0asn — oo forall j € [J]and & = 0
as n — oo for all k € [K]; see, e.g., Whitt [25, Theorem
11.4.5]. In turn, it suffices to show that for all T > 0,

IE7llr =0 and [Iflly =0 as n—oo (59

forall j € [J]and k € [K]; see Lemma 6 in Appendix D for
a proof of this claim. By (35)—(36), the triangle inequality,
and the fact that /i V"(s)ds < 1 and T/(r) < t forall 1 > 0,
it follows that for all T > 0,

K
1€ < 10Oz + X, 1%y, (M) lir
k=1 P
+ NG )l + Y IM )l (60)
, k=1
1N < VOl + 2195 (NG )llr
Jj=1 ,
+ Ml + DN Gl (61)
j=1

By Donsker’s theorem, the functional central limit theorem
for renewal processes, the random time change theorem,
and the continuous mapping theorem, it is straightforward
to show that the right-hand sides of (60) and (61) converge
weakly to nondegenerate limits; see, e.g., Billingsley [6]
and Glynn [14]. By this and the fact that &} = n1/ 237 and

&= n1/2¢ /', we obtain (59). This is a standard argument,
so the detailed proof is omitted. O

Lemma 3. Asn — oo, (Q", I",V") = 0 € D/*K

Proof. Itis straightforward to show that the process (&", £")
defined by (39) satisfies

E/(0) = 0"(0) > 0, forall j € [J], (62)
J K

D&+ Y L =0, forallt>0. (63)
j=1 k=1

Furthermore, by (14)-(15) and (28), I" is nondecreasing
with I"(0) = 0 and satisfies

Since (£",£") € D’*K pathwise, it follows from (37)—
(38), (62)—(64), and Proposition 1 that (Q",I",V") =

(f1(€",EM), £2(&",EM), f3(€",£™). Then, by Proposition 2,
Lemma 2, and the continuous mapping theorem,

(Q_n’Invvn) = (f](gn’é:n)’ fZ(Envé:n)?f:?x(En’é:n))
= (/1(0), £2(0), £5(0)).

It now suffices to show that V' := f;(0) = 0, for then it
follows from (57)—(58) that f{(0) = 0 and f,(0) = 0. To
that end, it follows from (56), the definition of V, and the
triangle inequality that, for any fixed T > 0, all t € [0, T1],
and all k£ € [K], we have

t J K .
JALARTESY 21"’“/0 Vi s,
t

IVell;

IA

j=11=

IA

2pJ K | max ||V, ]. ds.
n e 1Villsds

Therefore, it follows that

t
max IWVill, < 2nJK/0 [nax IVills ds. (65)
By Gronwall’s inequality (see, e.g., Pang et al. [23, Lemma
4.1]) and (65), it follows that max, ¢ [[Vi |l = 0. Since T
was arbitrary, it follows that ¥V = 0. 0

Corollary 2. Asn — 00, T" => e € C’, where e(t) :=
(t,...,t) for t > 0.

Proof. By the definition in (11), T" = e — I". The result
then follows by Lemma 3 since I"” = 0 as n — 0. O

5.2. Convergence of Diffusion Scaled Processes
The next result establishes weak convergence of the
diffusion-scaled “primitive” processes £" and ¢":

Lemma 4. Asn — oo, (E",&") = (&,¢*), where (E*,¢%)
is (J + K)-dimensional Brownian motion with initial state
(0(0), V(0)) and covariance matrix X given by (40)—(44).

Proof. By Lemma 3, Corollary 2, Donsker’s theorem, the
functional central limit theorem for renewal processes, and
the continuous mapping theorem, we get weak convergence




as n — oo for the following fluid-scaled processes j € [J]
and k € [K]:

M} () = ne, Ni(u) = pje, T = e, V= my,

where e [0,0) — [0, 00) denote the one-dimensional
identity map e(t) = ¢ for + > 0. Similarly, we get weak
convergence as n — oo for the following diffusion-scaled
processes for j € [J] and k € [K]:

Y = V(1= aiy) By ’j)zj = /Pl = pji) Bk,

M () = Vi By N;(H}') = \/u; B;,

where B, s B ks B, and B ; are independent standard Brow-
nian motions. (These convergence arguments are routine and
therefore omitted for brevity.) Furthermore, the mapping
H : D — D, defined by H(x)(r) := [;x(s)ds for (x,1) €
DX[0, o), is continuous in the Skorokhod J; topology (see,
e.g., Pang et al. [23, page 229]), which implies that

H(I;k") = H(my) = me as n— oo.

By the above weak convergence results, Whitt [25, The-
orems 11.4.4 and 11.4.5], Assumption 2, and the indepen-
dence of the stochastic model primitives, it follows that the
(joint) processes (0"(0), V1(0), ¥, &, N",..., M") and
(T", V", N*, M") converge weakly as n — co to their
appropriate limits. From this, (35)—(36), the random time
change theorem, and the continuous mapping theorem, it
follows that (", &™) converges weakly as n — oo to (J +
K)-dimensional Brownian motion (£*, {*) with initial state
(0(0), V(0)) and covariance matrix X given by (40)—(44).
Because it is straightforward, albeit tedious, to derive the
entries of the covariance matrix X, we omit the details. [

Proof of Theorem 1. 1t is straightforward to show that the
process (&", ™) defined by (35)—(36) satisfies

57(0) = Q;?(O) > 0, forall j € [J], (66)

J K
Y& + Y & =0, forallt>0. (67)
j=1 k=1

Moreover, as in the proof of Lemma 3, it is straightforward
to show that 1 ]" is nondecreasing with 1 j’.’(O) = 0 and satisfies

/0 Lign >0y 4E]0) = 0. (68)

Since (&", &) € D?+K pathwise, it follows from (33)—(34),
(66)—(68), and Proposition 1 that (Q", I", V") = f(&", &m).
Then, by Proposition 2, Lemma 4, and the continuous map-
ping theorem, it follows that as n — oo,

(Qn’fn’ IA/n) = (fl(én75n)9f2(£n7$n)v f3($n’én))
= (0", 1".,V"),

where Q* = f1(&%,8"), 1" = fo(&*,¢*), and V* =
f3(E*,¢*). Moreover, since inequalities are preserved under
weak convergence, Lemma 4 and (66)—(67) imply that

£X0) = 0,(0) > 0, forall j € [J], (69)
J K

D EW+ Y ¢ =0, forallt>0. (70)
j=1 k=1

Therefore, since (&%, ¢*) € C/*+K pathwise by Lemma 4, it
follows from (69)—(70), Corollary 1, and Proposition 3 that
(Q*, I'*, V™) satisfies (45)—(48) and has continuous sample
paths. This completes the proof. O
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APPENDIX
A. Proof of Lemma 1

We prove that for each T > 0, there exists a unique
y € D? satisfying (56) for all + € [0,T7], then extend
this solution to DX in the obvious way. To improve the
readability of the argument, we break the proof into a few
separate steps, organized as subsections.

A.l1. Existence of an element in D£ satisfying (56)
forallr € [0,T]

We prove existence via the method of successive ap-
proximations; see, e.g., Reed and Ward [24] for a similar
proof approach. In particular, we construct a sequence that
is Cauchy in Dﬁ under the sup norm, and then argue that the
limit of the sequence (which exists by completeness of DTI;)
satisfies (56).

Let y9 = 0, and define y§ € D for n € N iteratively as
follows for each k € [K]:

Vii= & - nk/o vl (s)ds

J K .
—ZijW<§j+Z¢IIj’11/ ! ds>, (71)
j=1 I=1 0

Then, the sequence {(y’fl[O,T], cos YVielorp tn=0,1,...}
of elements in Df defined by (71) is a Cauchy sequence
with respect to the sup norm; see Lemma 5 at the end
of this subsection for a proof of this claim. Therefore, by

completeness of (Df, Il - Il k). it follows that as n — oo,
K
Olorp - Yelor) = 05 %7) € Dr. (72)

‘We claim that (y‘l"’T, ey y%" T) satisfies (56) forallt € [0, T].

To show this, consider the mapping L : DX — DX defined
as follows:

(yl,...,yK)

- (& - m /0 Yls)ds
J K .
_ j;lpjkll/(gj + ;quﬂl/o- () ds>)ke[K]'

Then, for y,j € D;f, it follows by the definition of L, the
triangle inequality, and Whitt [25, Lemma 13.5.1] that

IL») = LW
J K

< max {nTllye = Fille + 2, Y Tl = Filr |
€[K] j=11=1
< ATUK + Dy = Fll7x

implying that L is Lipschitz continuous. It then follows from
(71)—(72) that

Yer) < Moy or)

= L(V o1y Yilor)

- L(ych, ,y‘1’<°’T),
as n — oo. By uniqueness of limits in metric spaces, it
follows that L( yfT, e y?’T) = ( y‘l’?T, . y?’T), implying
that (ych’ s y?’T) satisfies (56) for all t € [0, T'].

We conclude this subsection with a proof showing that
the sequence defined by (71) is Cauchy:

(yfT,...

Lemma 5. Foreach T > 0, the sequence

{(y?l[o,’r], e ’yrll(l[O,T]) . n= 0, 1, ...}
defined by (71) is Cauchy in D? with respect to || - || k-

Proof. Fix 6 € (0,T) such that 26nJ K < 1. (This choice of
¢ will be used crucially later.) First, we claim that

Iy =il < @onTKY"'Cy, (73)

foralln € Nand k € [K], where C, := maxyekj 1Sll; +
ZJL] lw(Ep)ll; for t > 0. (Note that C, < C,, for all

0 <t £1t; < ».) To prove this, note that when n = 1,

Ik =2l = |- i”fk"’(ff)”a
j=1

IA

J
IEels + D lwEplls < Cs.
=1

J

for all k € [K]. Moreover, note that when n > 2,

-1
Iy =¥ lls

IA

—1 -2
oy = vy lls

+ EJ: pij i qun,'/o.(y;’_l(s) —y74(s)) dsHa
j=1 =1

IA

K
-1 -2
2600 Y Myt = s
I=1




for all k € [K], where the first inequality follows from
Whitt [25, Lemma 13.5.1] and (71). By performing a similar
estimate of ||y;’_1 - y;‘_2||5 in the above display, it follows
that

K

1 =yt lls < @ond 2K Y IY2 =yl
=1

for all k € [K]. By continuing in this way, we obtain (73).
Next, we claim that for each k € [K] that

19 = ¥ s < m*n™ Q80T K)"'C,ps. (74)

for all m,n € N. Fixing k € [K], we consider the n = 1
and n > 2 cases separately. When n = 1, we have that
9L = Y2l ws < Cps < mC,,,5 for all m € N by (73), so that
(74) holds. When n > 2, we proceed by (strong) induction
on m. The base case of m = 1 holds immediately by (73).

For the inductive step, assume that for all n > 2,
Iyp =i lls < " @onTK)Y"™'Cps, (75)

for all » € [m]. Thus, by (75), it follows that for n > 2,

-1
1V =¥ Nm+1)s
m+1 o
<me Y / Iyt =y 2, ds
=1 Jo-1s
J K .
-1 -2
+;mﬂgwmlw7@%ﬁ @lds|,.,
m+1
= an| Y I =342
r=1
K m+1
F T D =g
=1 r=1
K m
<2600 ). Y rn— 1Y 26nJ K)"72C,

I=1 r=1

K
+ 2607 ) 1y}
I=1

-2
Y Nmsnys

m
QsnJK)'~'C, Z rn—1)
r=1

K

+ 2onJ Z 17" = V2 N mrnys
=1

< énJK)'LC, sm*n™
K

+ 26nd Z ||y;'_1 -
=1

)
YV MNimtys-

Continuing from the previous display, it follows from (73)
that forn = 2,

2 1
”yk - yk”(m+l)5
K
< Q61T K)C,psm®2" + 2600 Y 11y} = 32l oms1s
=1

< 28nJ K)Clppp)s(m*2™ + 1).
Continuing in this way, it follows that for n > 2,

-1
Ve = ¥ Nmt1)s
n

< QT KY"™ Clppprys(m? Y i +1)
i=2

< (m+ D™ Q2T K)"7 Clpyps-
This completes the inductive step. This proves that (74)
holds for all m,n € N.
In particular, by (74), we have that
1 =ity
< lyp =7 [6-1T]s
< [67' T2l 16T KY"™' Cpsigyse
for all » € N and k € [K], implying that

-1
Iy =y llrx

< [67'T121 1267 KY'~' C g5 (76)

Thus, to prove that the sequence {(y’1’|[0’T], e y’;’<|[0,T]) :
n = 0,1,...} defined by (71) is Cauchy in DX it suffices
to show that the right-hand side of (76) converges to zero as
n — 0. But, by our choice of , note that

[671T12(n + DI T1Q26T KY'Cpsipys

lim sup N
n—oo [5—1T]2n[5_ T (25][()”_1(?[571715
DI 257K
- limsup[(n+ ) 87 ] - 2JK < 1,
n—oo I’l[‘S_IT-|

implying that Y, [67!77] 2p[67' T 25T K)'=1Cp < o0 by
the ratio test. Hence, the right-hand side of (76) converges
to zero as n — oo, completing the proof. O

A.2. Uniqueness of the element in D satisfying
(56) for allt € [0,T]
We show that (y$°,,...,¥% ) € DX given by (72) is
the unique element in D¥ satisfying (56) for all t € [0, T7].

Suppose that (yy, ..., yg)s (Fys ..., Fx) € Df both satisfy
(56) for all + € [0,T]. We partition the interval [0, T] into
a finite number of subintervals and show that both solutions
agree on each of these subintervals. To that end, define

. n -1
=inf{n>1:=-2JK >Ti.
m in {n_ 2( n) }

First, letting ¢ : % 2JK ;1)'1, we have that

max -y
ax, i = Fielly,

31
n/ Iy - 7ell, ds
0

J K '
n/ lys = 3il,, ds
=1 0

< max
ke[K]

+

j=11=1

10



< 2JKnt; max -y

< nty max lye = Frll;,
= 1 max [y, — 7

= 5 e e T Vil

Hence, it follows that max, gk |lyx — )7k||,l = 0, implying
that y = y on [0,7;]. Second, letting ¢, := (2JK;7)", we
have that

max -y

max Iy = Fells,

n
max -y d
kemn”/g |y (s) = Fi(s)l ds

+ / 19(8) = Sl ds
1 2

K 1
+10 Y| /0 () = ()l ds
=1

+ / 31(5) = Fi(s)l ds|
t 2

IA

max t -y + (t, —t -y
max {ntillye = Felly, + @2 = DNy = Felly, }

K

+ 00 Y [y = Filli, + @ = t)llyy = Filly, |
I1=1

< 2pJK(t, —t;) max ||y, — ¥
(ty 1)ke[K] 1y = Fillz,
-1 max ||y, — yill
2 eeidy Wi = Yicllyy»

where the third inequality follows from the fact that y = j
on [0, ¢;]. Hence, it follows that ||y, — j/k||t2 = 0, implying
that y = y on [0, 2,].

Continuing in an iterative fashion, the same argument
shows that y yon [0,7,] for all n € [m — 1], where
t, = %(2.]1(;1)‘1 forn € [m—1].If t,,_; = T, then we
are done. However, if 7,,_; < T, then we canlett,, (=T
and use the same argument to show that y = y on [0, 7,,].

A.3. Extension to a unique element in DX
satisfying (56) for all € [0, c0)
The previous two subsections have shown that, for each
T > 0, there exists a unique (y°.....y%;) € D7If
satisfying (56) for all t € [0, T']. Using these solutions, we
construct an element in DX that uniquely satisfies (56) for
all r € [0, ). To that end, define (yT", ,y‘1’<°) e DK by

(y‘lx’,...

for each T" > 0. We claim that (y°, ...
and is the unique element in DX satisfying (56) for all 1 €
[0, o0). To prove that it is well-defined, we must show that
whenever t € [0,T7] N [0, T5], we have

D)@ = (Y ver)®,  1E€I0,TI.

s y‘l’(") is well-defined

o0

(ycl)?le”’y(;(o’Tl)(t) = (yl’Tz,... X))

YRn)®.

Without loss of generality, suppose that 7; < T,. Then

(ysz’ YR lor € Df,l satisfies (56) for all 1 < Tj.

By uniqueness,

(o]

(yT?Tl’ ""y(I)(o,Tl) = (yl,Tz’ ’y%oaTz)’[o,T]]’

which implies that

,Y?,T,)(t) (yT,oTz’ ’y?,Tz)|[0,Tl](t)

(O 92O,

(y‘l’f’Tl,...

for all + € [0,T], proving (77) holds. Finally, by the con-
struction, it is obvious that (yf", ,y‘l’(°) uniquely satisfies
(56) for all ¢ € [0, ). O

B. Proof of Proposition 1

Fix (&,¢) € D/*K satisfying (49)-(50). We first prove
existence. By Lemma 1, there exists a y € DX satisfying
(56). Then, for j € [J], define

K t
uj(t) = ﬂj_l‘I’<§j + qujnl/) YI(S)dS>, t>0, (78)
I=1
K t
x;(t) 1= ¢<§j + qujnl/o y,(s)ds), t>0. (79
=1

Since y € DX it follows that u € D’ and x € D’, so that
(x,u,y) € D**K_To prove existence, it suffices to show
that (x, u, y) satisfies (51)—(55). Equation (51) follows from
(1)-(2) and (78)—(79). Equation (52) follows from (56)—(78).
Equation (53) follows from (49), (51)—(52), and the fact that
the matrices in (3) are stochastic. Equation (54) follows from
(1), (49), and (78). Finally, for j € [J], define

K t
Z(0) 1= & + qujn,/oyl(s)ds, t>0. (80)
=1

Thus, u; = uj_lw(zj) and x; = d)(zj). But, by (1)—(2), it

follows that /™~ 1 (x,50) (u)(t) = 0. Therefore, (55) holds.
We now prove uniqueness. Suppose (x, u, y), (X, i, J) €

D?/+K both satisfy (51)—(55). Then, by (51), we have that

X; = 2z; + piu; >0, Xx;

for j € [J], where z; and Z; are given by (80), with y; and
Vs respectively. Since (x, u) and (X, &) both satisfy (54)—(55),
it follows that (x, u U j) and (X, u i j) also both satisfy (54)—
(55). By this and (81), for j € [J] we have that

Hju; = V/(Zj) and ,Mjflj = W(Zj)' (82)
It then follows from (52), (80), (82), and Lemma 1 that
v = J; for all k € [K]. By uniqueness of y, it follows
from (80) and (82) that u; =i for all j € [J]. Finally, by
uniqueness of y and u, it follows from (80)—(81) that x ;=%
for all j € [J]. This completes the proof.
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C. Proof of Proposition 2

It is easy to show that the function f = (f], f5. f3) is
continuous if the functions f|, f,, and f3 are continuous.
On the other hand, it is straightforward to prove continuity
of f| and f, once the continuity of f3 is established. Thus,
we only prove continuity of f3 and omit the continuity proofs
of f1, f5, and f for the purposes of brevity.

In the Skorokhod J; topology (see, e.g., Billingsley [6]
and Whitt [25]), a sequence {x”}";"zl in D* converges to
an element x € DK, written X" — x, as n — oo, if
d%(x"| ;073 X|jo.ry) — 0 as n — oo for all continuity points
T > 0 of x, where d;ﬁ : D; X D; — [0, ) is given by

dp(x.y) = inf {llxod = iz v 14 = ellr}.

where e : [0,T] — [0, T] is the identity map, and

Ar :={4:[0,T] - [0,T]

| A is an increasing homeomorphism}.

To that end, suppose that (&",¢{") — (&,¢) in D/+K as
n — oo and let T > 0 be a continuity point of f5(&,¢). To
prove that f5 is continuous with respect to the Skorokhod J;
topology, we must show that

lim df (3" ENo.71: S5 Oloy) = 0.

Since (£,¢) € D’*K  ithas at most countably many points of
discontinuity; see, e.g., Ethier and Kurtz [12, Lemma 5.1].
It follows that there exists some T' > T that is a continuity
point of (&, {). Therefore, by Billingsley [6, Lemma 1, page
167], it suffices to show that

Tim df (f3E" Moy 3EOliory) = 0. (83)
However, we note that (83) can equivalently be written with
7k k
d in place of d7 (see, e.g., page 226 of Pang et al. [23] and
Billingsley [6]), where df. : DX x DX — [0, co) is given by

d*(x,y) := inf {||xo04— vIA=1]7}Y,
T( ») Aei\T{” y”T,k I “T}

where 1 is the derivative of 4, 1 is the constant function
taking the value one everywhere, and

Ar := {4 € Ap 1 Ais absolutely continuous

w.r.t. Lebesgue measure}.

Therefore, the remainder of the proof aims at proving (83)
with d¥ in place of dX . To avoid overly cumbersome nota-
tion, we write f3(£",{") and f3(&, {) to mean f3(£", ")l jo. 1
and f3(&, )ljo,r)- respectively.

Since T' > 0 is a continuity point of (£, {) and (¢", ") —
(6,¢) in D/*K as n — oo, there exists a sequence of
homeomorphisms A" € Ay such that

1.0 0" = (" ¢Mlr ek V IA" = Lip = 0 (84)

asn — oo. Then, letting y := f3(&,{) and y" 1= f5(&",{"),
it follows from the definition of f5 and the triangle inequality
that forany 0 <t < T,

max oAt — !
max flyg 04" = ¥l

< max

n _ #n
max (I o 4" = ¢/l

AC) .
+n ||/0 yk(s)ds —/0 yZ(s) dS”t
J K )
* Z “W(é‘f + Z qu”j/ yi(s) ds>o,1”
Jj=1 =1 0

- v(g Yam /0 swds)| | @
=1

We next bound each term on the right-hand side of (85).
First, let My 1= max; ¢ [Vl < oo. Then, by the chain

rule, it follows that
/0 (s)d s“t

A"
”/0 yi(s)ds —
| [ wersnieas - [ yiwas),
0 0

| [ o - 1as),

IA

1 oren -
0

IA

t
TMr|lA = iz +/ ko A" = yillgds. (86)
0

Similarly, by the chain rule, it follows that

HW<§f + iqunj/o.y'l(s)ds) o A"
=1
- W<§7 + i‘h;ﬂ//o'ﬁ(s)ds)”t
=1

< ligo " = &lir
K M) .
+ 112“/ yi(s)ds —/y?’(s)ds”t
=170 0
< ligoa" = &lir
K . .
+1) | /0 WA (5) A(s)ds — /0 y()ds|
=1
< ligod" = &l + nKT M|l 4" ~ 1l

87)

K t
+ ’12/ lyy 02" = y/llsds,
=170

where the first inequality holds by Whitt [25, Lemma 13.5.1]
and the fact that

K .
W<§f +l=21qu”j/0 yl(S)dS>o/1"
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)
y,(s) ds);

K
= y/(é‘joﬂ” + Z‘Ilj’?j/o
I=1

see, e.g., Whitt [25, Lemma 13.5.2]. Combining these
estimates, it follows from (85)—(87) that

max oAt —
max flyg 0 4" = ¥l

< 2T 0 A" = ("N ssk
+ (JK + DT Mp||A" = 1|1

1
+ 211JK/ max [y, o 4" — yillsds (88)

0 keIK]
forall 0 <t < T. Fixing ¢ > 0, it follows from (84) that
there exists an N € N such that foralln > N,
€
2D = € Orsrk < g 69

€
22 KT’

1" = 1y < e

JK + DT My ||A" = 1|3 < (90)

on
Then, by (88)—(90), it follows that for alln > N,

max oAt — !
max flyg 0 4" = ¥l
€

< —_—
o2 KT

t
2nJ K At =y d
+ 25 /Olgg[a%]llka Vellgds
for all 0 <t < T. By Gronwall’s inequality (see, e.g., Pang
et al. [23, Lemma 4.1]) and the above displayed inequality,
it follows that

max oA — Y1 < e211JK(t—T)
max Iy 0 2" = ¥,

e<Le 92)

for all 0 < ¢ < T. Therefore, by (91)-(92), we have that
lyod" — ¥ llr x V A" — 1|l; < e for all n > N. This
completes the proof.

D. Miscellaneous Proofs
Below is the proof of a result used in the proof of

Lemma 2 in Section 5.

Lemma 6. If { X"}, is a random sequence in D such that

X"l = Oasn — oo forall T > 0, then X" = 0 as
n— oo.

Proof. Note that || X"||; = 0Oasn — oo forall T > 0is
equivalent to || X"||r L 0asn > coforall T > 0, where
the notation — is shorthand for “converges in probability.”

p .
We next show that X” — 0 as n — oo. This amounts to
showing that forall 0 < e < 1,

0;

n—oo

lim P</°oe_’ [d, (X", 0)A 1] dt > e)
0

see, e.g., Whitt [25, Chapter 3, Section 3]. But observe that

[0e]
P(/0 e"[/{ig/{t{HX”o/lH,V||ﬂ—e||,}/\l] dt > e>

IA

P(/ e [IX", A1) dt > e)

0
T 0

P(/ eIX", dt +/ eldt > e)
0 T

for all T > 0. Now fix T > 0 to be such that [ e~ dt =
€/2. It then follows from (93) that

T 0
P</ e IX", dt +/ eldt > €>
0 T
r €
P(/ X, dt > —)
o 2

P<||X"||T > S(1- g)“).

Since || X"l L 0asn — o0, it follows from (94) that

IA

93)

IA

94)

p . . -
X" — 0 as n — oo. Since convergence in probability
implies convergence in distribution, it follows that X" = 0
as n — oo, which completes the proof. O
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